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Abstract—We propose a multi-shell sampling grid and develop cor-
responding transforms for the accurate reconstruction of the diffusion
signal in diffusion MRI by expansion in the spherical polar Fourier (SPF)
basis. The transform is exact in the radial direction and accurate, on the
order of machine precision, in the angular direction. The sampling scheme
uses an optimal number of samples equal to the degrees of freedom of
the diffusion signal in the SPF domain.
I. INTRODUCTION
The diffusion signal in diffusion MRI can be reconstructed from a
finite number of measurements in q-space, where q is the diffusion
wavevector, from which the brain’s connectivity and microstructure
properties can be determined. In diffusion MRI, the number of
measurements that can be acquired is highly restricted due to the need
for scan times to be practical in a clinical setting. For this reason,
multi-shell sampling schemes, where samples are collected on mul-
tiple concentric spheres with different q-space radii, are commonly
used rather than large Cartesian sampling grids. Existing multi-shell
sampling schemes require more than the optimal number of samples,
defined as the degrees of freedom in the basis used to reconstruct
the diffusion signal, in order to allow for the accurate reconstruction
of the diffusion signal and use least-squares to calculate coefficients,
which is computationally intensive (e.g. [1]).
The spherical polar Fourier (SPF) basis [1] is a 3D complete
orthonormal basis commonly used for reconstructing the diffusion
signal. The normalised MR signal attenuation, E(q) can be expanded
in the SPF basis, as
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m
` (qˆ), (1)
where qˆ = q|q| , q = |q|, Y m` (qˆ) are spherical harmonic coefficients
of degree ` and order m, and the expansion coefficients are given by
En`m = 〈E(q), Rn(q)Y m` (qˆ)〉. (2)
The radial functions are Gaussian-Laguerre polynomials Rn with
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where ζ denotes the scale factor and L1/2n are the n-th generalised
Laguerre polynomials of order half. The expansion Eq. (1) assumes
that E(q) is band-limited at radial order N and angular order L.
II. MULTI-SHELL SAMPLING SCHEME AND SPF TRANSFORM
The 3D transform for calculating the diffusion signal coefficient
(Eq.2) can be separated into transforms in the radial and angular
directions due to the separability of the SPF basis. For the radial
transformation, Gauss-Laguerre quadrature can be used, where N
sampling nodes is sufficient for exact quadrature. The N shells of
our proposed multi-shell sampling scheme are placed at qi =
√
ζxi
(a) (b)
Fig. 1: (a) North pole view and (b) South pole view.
where xi are the roots of the N -th generalised Laguerre polynomial
of order a half. We determine the corresponding weights to be
wi =
0.5ζ1.5Γ(N + 1.5)xie
xi
N !(N + 1)2[L0.5N+1(xi)]
2
. (4)
The number of shells required for accurate reconstruction was recom-
mended as N = 4 in [2]. We set the scaling factor ζ so that shells
are located at b-values within an interval of interest. In this work,
we use a maximum b-value of 8000 s/mm2, resulting in shells at
b = 411.3, 1694.4, 4036.3 and 8000 s/mm2.
For sampling within each shell, we use the recently proposed
single-shell sampling scheme [3] which allows accurate reconstruc-
tion on the order of machine precision accuracy, has an efficient
forward and inverse spherical harmonic transforms, and uses an
optimal number of samples for the band-limited diffusion signal on
the sphere, L(L + 1)/2. The spherical harmonic band-limit, and
therefore the number of samples within each shell, is determined
using [4], where the authors determined the spherical harmonic band-
limit L required to accurately reconstruct the diffusion signal at
different b-values, the shells have L = 3, 5, 9 and 11 respectively.
The proposed sampling scheme has a total of 132 samples. Fig. 1
shows the sampling scheme projected onto a single sphere, samples
are shown in black, green, red and blue for each shell respectively.
Locations where antipodal symmetry is used to infer the value of the
signal are lighter in color.
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